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bl' Abstract 
OXJ, 

^ . We investigate the asymptotic symmetries of Rindler space at null infinity 

^— ^ . and at the event horizon using both systematic and ad hoc methods. We find 

00 ■ that the approaches that yield infinite-dimensional asymptotic symmetry alge- 

. ■ bras in the case of anti-de Sitter and flat spaces only give a finite-dimensional 

f"^ ' algebra for Rindler space at null infinity. We calculate the charges correspond- 

^-p ■ ing to these symmetries and confirm that they are finite, conserved, and inte- 
grable, and that the algebra of charges gives a representation of the asymptotic 

i^ ■ symmetry algebra. We also use relaxed boundary conditions to find infinite- 

^ • dimensional asymptotic symmetry algebras for Rindler space at null infinity 



and at the event horizon. We compute the charges corresponding to these sym- 
metries and confirm that they are finite and integrable. We also determine 
sufficient conditions for the charges to be conserved on-shell, and for the charge 
algebra to give a representation of the asymptotic symmetry algebra. In all 
cases, we find that the central extension of the charge algebra is trivial. 

1 Introduction 

Asymptotic symmetries have played an important role in defining conserved quanti- 
ties even in purely classical theories of gravity[T]. The Bondi and ADM energies of 



asymptotically fiat spacetimes are charges corresponding to asymptotic time transla- 
tions at the null and spatial infinities of flat space, respectively [2l [3], and Abbott and 
Deser showed that the Killing vectors of an arbitrary background spacetime g^i, can 
be used to deflne conserved energy and momentum in a spacetime that asymptotes 
to g^i, at infinity|l]. 

More recently, the theory of asymptotic symmetries has gained increased atten- 
tion due to the growing importance of holographic dualities in physical theories|5]. 
The most important and well-known example of holographic duality is the AdS/CFT 
correspondence. This correspondence has its roots in the discovery of Brown and 
Henneaux that the asymptotic symmetry group of AdSa is the two-dimensional con- 
formal group[6]-a fact that led to the further insight that any consistent theory of 
quantum gravity on AdSa is holographically dual to a two-dimensional conformal field 
theory. 

This principle has been used to consider the possibility of holographic duals to 
gravitational theories on backgrounds other than AdS space[7[ El IS]. For example, 
the asymptotic symmetries of de Sitter space have been studied with a view towards 
developing a dS/CFT correspondence [ID]. Once we have found the asymptotic sym- 
metry group (ASG) of a spacetime, then we can hypothesize that the field theory dual 
to the theory of quantum gravity on that spacetime transforms under representations 
of the ASG. 

The theory of asymptotic symmetries is of more than just academic interest: the 
insights given by the structure of the ASG and the asymptotic symmetry algebra 
appear to have real physical significance. For example, the Dirac bracket algebra 
of the ASG generators in AdSa has a non-trivial central extension[6]. This fact was 
used to give a microscopic derivation of the Bekenstein-Hawking entropy for black 
holes with near horizon geometry that is locally AdSsfH]. It was later shown that 
the analysis used to obtain this result is very general, and applies to any consistent, 
unitary theory of quantum gravity if it contains the black hole as a classical solution. 
A similar approach has been used to derive the black hole entropy of an extreme 
four-dimensional Kerr black hole[T2], and the horizon entropy of deSitter space p^. 

Holography in fiat space is still in the developmental stages. Although the asymp- 
totic symmetry algebra for fiat space has been derived in three and four dimensions [3l 
131 [H], we have not yet found a field theory that transforms under representations of 
the ASG. It is also an open problem to determine the ASG of Rindler space. (This 
problem was posed by Dionysios Anninos, who pointed out that while Rindler space 



is a subset of Minkowski space, this does not mean that their ASGs are identical.) 
The Unruh effect [15] shows that Rindler space can often have very different physical 
properties from Minkowski space. Also, the Einstein-Hilbert equations have interest- 
ing solutions that are asymptotically Rindler, such as the near-horizon geometry of 
the Schwarzschild black hole, which turns out to be Rindler xS*^. We would therefore 
like to find the ASG of Rindler space at null infinity, and compare it to the ASG 
of flat space. Since Rindler space is bounded by past and future event horizons in 
addition to the boundary at infinity, we can also define an ASG of Rindler space at 
these boundaries. If the algebra of charges turns out to have a non-trivial central 
extension, we would like to see if the Cardy formula can be applied in the same way 
as in anti-de Sitter and de Sitter space to compute the horizon entropy of Rindler 
space [16]. 

This paper is structured as follows. In Section [2] we review the formalism and 
definition of asymptotic symmetries, and describe a strategy for finding the ASG of a 
background spacetime. In Section [3] we review the basic properties of Rindler space, 
and introduce the coordinates that we use in our analysis. We also describe some 
modifications to the usual formalism of asymptotic symmetries that must be made in 
order to apply the techniques to Rindler space. In Section H] we follow a systematic 
approach to try and find the ASG of Rindler space at null infinity. We then use a more 
ad hoc approach in an attempt to find an infinite-dimensional asymptotic symmetry 
algebra. In Section |5] we study the asymptotic symmetries of Rindler space at the 
past event horizon. We conclude in Section [6] with a summary and discussion of our 
results. 

2 Asymptotic Symmetries 

In this section we describe the general concept of asymptotic symmetries, and outline 
two possible strategies for finding the asymptotic symmetry group of a spacetime. 
The formalism developed by Barnich and Brandt in [17] is particularly useful and 
elegant, and will be used throughout this paper. 

We begin with a background spacetime with metric f?^,^. A diffeomorphism gen- 
erated by a vector i^ will transform this metric to 

9i,u + Ci^g^^ = g^y = g^y + h^y (2.1) 

for some perturbation h^^. Defining the asymptotic symmetries of the background 



spacetime requires specifying both the allowed fluctuations /i^^, and the allowed dif- 
feomorphisms ^. 

More precisely, the usual procedure for deflning the ASG of the spacetime is as 
follows: 

1. Deflne the boundary of the spacetime. In particular, it is necessary to deflne 
what it means to "go to inflnity." Usually this is done by taking a coordinate 
r — 7- oo while the other coordinates remain constant. 

2. Deflne boundary conditions ioi the metric fluctuations /i^i^. Usually this involves 
making some assumptions on the functional form of h^^. In this work we assume 
that h^,^ can be expanded polynomially to at least second order in powers of r, 
as 

K. = hl^r- + hlr--' + air--') (2.2) 

The boundary conditions specify h^i, — )■ 0{r"^) at inflnity for some power r"*. 

3. Find the most general diffeomorphisms ^ that preserve the boundary conditions 
(i.e. satisfy C^g^i, = 0{h^t,) for any g^j_y satisfying the boundary conditions), and 
make sure that they form a well-deflned algebra under the Lie bracket. These 
diffeomorphisms are the candidate asymptotic symmetries\l'i\. A subset of these 
will be promoted to elements of the ASG (and the corresponding algebra the 
asymptotic symmetry algebra) depending on whether or not they satisfy certain 
conditions, as described below. As with the perturbations h^^, this step involves 
making assumptions about the form of ^. We assume that ^ can be expanded 
in powers of r, as ^'^ = r'^i^^t^ + o(r'"^'), where ^'^ is some function of coordinates 
other than r. 

4. Calculate the charges associated with the candidate asymptotic symmetries. 
The formalism in [T7] allows us to deflne the charges as surface integrals over 
the boundary 9S of a null or spacelike slice (the boundary need not be at 
infinity.) The charge corresponding to an asymptotic symmetry ^ is given by 

Q^[h,g]= [ k^[h,g] (2.3) 

where fc^ is an n — 2 form constructed from the linearized equations of motion 
for h^^, and n is the number of spacetime dimensions). The explicit expression 



for k^ is 



l^t^Mh v.MAn-'i'r 



k^\K-g\ = A;p[/i,^](d"-^x).^, (2.4) 

1 
p\{n — p)! 

where 



(<i"-'x)„___,, - „„.. „„ t^,...^,.dj:'''^-...d:i'- 



4""'1M1^-^ 



D"(/ie) + D^ik'^'^C) + D'^ih^'^U (2.5) 



All indices are raised and lowered using the background metric. 

In general, this expression for Q^ holds only for infinitesimal perturbations h^^. 
For finite h^,^, we must integrate over a path 7 in phase space in order to 
compute the charges [T9]. which are given by 

[nSg [ k^[5g,gij)] (2.6) 

J7 JdT. 

For consistency, the charge must be integrable, which means that it is indepen- 
dent of the path 7. A sufficient condition for integrability is 

/ k^[6hi,g + 6h2]-k^[6h2,g + 6hi]-k^[6hi-6h2,g] = (2.7) 

for any metric (7^,^ allowed by the boundary conditions. 

Integrability is also satisfied when a property called asymptotic linearity holds, 
which means that 

Qdh,9]=Qdh,9 + Sg], (2.8) 

or, in other words, the charge Q^ has no non-linear corrections. 

5. Determine whether the charges are finite, integrable, and conserved on-shell, 
where "on-shell" means that the perturbation h^y satisfies the linearized Ein- 
stein equations. The diffeomorphisms ^ that correspond to non-zero charges 
satisfying these conditions are the elements of the ASG. The diffeomorphisms 
corresponding to trivial charges are trivial asymptotic symmetries. The ASG 
consists of all the allowed asymptotic symmetries that preserve the boundary 
conditions for h^^ and correspond to finite, integrable, and conserved charges, 
modulo the trivial asymptotic symmetries. The vectors ^ generating the diffeo- 
morphisms are asymptotic Killing vectors. 
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6. Compute the Dirac bracket algebra of the charges. The algebra is defined by 

{QuiiQ^i} ■= %% =<5a[A2^>^] (2-9) 

If certain technical conditions are satisfied, then the algebra of the charges 
provides a representation of the algebra of asymptotic symmetries ^, up to 
a possible central extension }C^-^^^^[g], as shown below (where "~" indicates 
equality on-shell.) 

{%,%} ~ Q[ii,(2] + f^iuM - N[(i,(2M (2.10) 

Here, N^^-^^^^] [s] is an arbitrary normalization constant that is usually set to zero. 
The explicit expression for the central charge JC^-^^^^lg] is 

%,6[^] = Qii[^i;29,9] (2.11) 

The central charge is non-trivial if it cannot be reabsorbed into N^^-^^^^] [o]- When 
the background metric satisfies the Einstein equations R^i, = 2{n — 2)^^Ag^i,, 
the explicit expression for the central charge is 






-2D,eiD''^l^ + 2D,^^D''^>i (2.12) 



+ ^^1 ^2 + 2i?^^^'^6p6. 

The boundary conditions are part of the specification of the ASG. In fact, different 
boundary conditions can give rise to different asymptotic symmetry groups. It is 
important to choose fall-offs for h^j_i, that are relaxed enough to include physically 
interesting solutions, but restrictive enough so that the charges are well-defined. 

2.1 A Strategy for finding the ASG 

The formalism in [17] provides sufficient conditions for the charges Q^ to be finite and 
conserved. Specifically, if H^^ are the linearized Einstein equations, then the charges 
are finite and conserved on-shell if 

C^g^^un^^d^'x ^ (2.13) 

This condition suggests a more systematic approach for finding an ASG than simply 
guessing an appropriate set of boundary conditions [20]. First, we find the exact 
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Killing vectors ^o of the background, and determine their fall-offs at infinity, which 
will be of the form ^q — )■ 0{r"^'^). Then, for arbitrary vector fields ^ that satisfy the 
fall-off conditions of the exact Killing vectors, we determine the fall-off of C^^^u'- 

Cfg^,^0{r^-^), (2.14) 

and find the most general ^ that satisfy the asymptotic Killing equations C^g^^p — )■ 
o(r™'f"'). This is the class of candidate asymptotic Killing vectors. For these ^, we 
obtain a new set of fall-offs 

Cfg^, ^ 0{rP-'^) (2.15) 

Looking at the sufficient condition (12.13^ for finite and conserved charges, this gives 
us the following fall-off conditions on T-L^^: 

n^'d'^x -^ ( ^ ) (2.16) 

This in turn gives us boundary conditions on h^^, as 'H^'^ is given in terms of /i^y by 



2A 
n'^'iKg] = ^^^ {2h'"' - g^^'h) + D^'D'^h + D^Dxh'"' (2.17) 

- 2DxD^^'h''^^ - g^'^iD^Dxh - DxDphP^) 

where all indices are raised and lowered using the background metric. Once we have 
determined boundary conditions for /i^,^, we check to make sure that the candidate 
asymptotic Killing vectors ^ preserve these boundary conditions, and form a well- 
defined algebra. Finally, we compute the charges corresponding to ^, check that they 
are integrable, and calculate the Dirac bracket algebra and central extension. 

Asymptotic Killing vectors that automatically satisfy the asymptotic Killing equa- 
tions are deemed to be trivial. At the end of the analysis it is necessary to check that 
these vectors do indeed give rise to trivial charges, so that they also satisfy our original 
definition of trivial asymptotic Killing vectors. 

In this paper we will use both of the approaches described above to try and deter- 
mine the ASG of Rindler space. The second is more systematic, but as the conditions 
for conservation and finiteness of the charges are sufficient and not necessary, we find 
that this method can lead to a severely restricted ASG. Therefore, in order to find an 
infinite-dimensional asymptotic symmetry algebra we are forced to impose boundary 
conditions by hand, using intuition and trial-and-error. 
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3 Rindler Space 

In this section we briefly review some properties of Rindler space [I5], and describe 
some of the modifications that we make to the Barnich-Brandt formalism in order to 
apply their techniques to Rindler space. 

3.1 Rindler Coordinates 

In ordinary 4-dimensional Minkowski space, we can make a change of coordinates that 
is adapted to uniformly accelerated motion. Let x be the the direction of acceleration, 
and make the coordinate transformation 

t = (sinharj (3-1) 

X = (cosharj (3.2) 

y = y (3.3) 

z = z (3.4) 

where a is a positive constant and the new coordinates have ranges — oo < r/ < oo 
and < ( < oo. These coordinates cover the wedge x > \t\ of Minkowski space: 
this region is known as Rindler space. The metric in these new coordinates takes the 
form: 

ds^ = -a'CW + dC' + dy^ + dz^ (3.5) 

The lines of constant t] and constant ( are shown in Figure [H The lines of constant 
( are hyperbolae described by 

x'-t' = C^ (3.6) 

and are therefore worldlines of uniformly accelerated observers (also known as Rindler 
observers). An observer with constant acceleration of magnitude a in the x-direction 
and measuring proper time r travels along the path 

Vir) = -T (3.7) 

a 

C(r) = - (3.8) 

a 

In this work we make use of yet another set of coordinates for Rindler space in order 

to make our analysis simpler. First we make the coordinate transformation 

au = ari — \na( (3.9) 

ar = ari + \na(. (3.10) 




Figure 1: Lines of constant rj (red) and constant Q (blue) in Rindler space. 



followed by another coordinate transformation 



u 
r 



Under this change of coordinates the metric becomes 



1 



ds^ = -^dudr + dy^ + dz^ 



(3.11) 
(3.12) 



(3.13) 



Rindler space corresponds to the ranges < m, r < oo. The lines of constant u and r 
(shown in Figure [2]) correspond to the null lines in Rindler space: that is, the lines of 
constant x + t and x — t. We also make use of the coordinates (f , r), where v := u. 
With these coordinates, the metric becomes 



ds^ 



-df dr + dy^ + dz^ 



(3.14) 



In this case Rindler space corresponds to the ranges — oo<w<oo,0<r<oo. 



3.2 The Causal Structure of Rindler Space 

Rindler space covers only a wedge x > \t\ of Minkowski space, known as the Right 
Rindler wedge (R). We can also define the Left Rindler wedge (L) and the future (F) 
and past (P) regions, as shown in Figure |3l Because Rindler observers approach but 
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Figure 2: Lines of constant u (red) and constant r (blue) in Rindler space. 



do not cross the null rays u = 0,r = 0, these rays act as event horizons. The regions 
R, L, F, and P also appear on the Penrose diagram for Minkowski space, shown in 
Figure HI Rindler observers emerge from J'~ and eventually reach J'^. Therefore, 
the infinity of Rindler space is a subset of the infinity of Minkowski space. 

Rindler space is bounded both by the event horizons and by the boundary at 
infinity. In this paper we investigate both boundaries, approaching the horizon along 
lines of contant u, y, and z, as r — )■ 0, and null infinity along lines of constant v, y, 
and z, as r — 7- oo. The metric in Eq. (l3.13p is that of fiat space, but this analysis differs 
from the study of the ASG of 3-dimensional fiat space in [13]. When looking at fiat 
space we consider the entire spacetime, with — oo < t,x,y < oo. Therefore, in [H] 
the charges are calculated on null slices of constant u := t — f, where f := a/x^ + y^ 
is the usual radial coordinate, and the "time" coordinate u is allowed to take the 
range — oo < u < oo. This means that when we define a general metric gfj_u as being 
"asymptotically flat," we are requiring it to satisfy boundary conditions as t + f — )■ oo 
for all real values of u. i.e. we require the boundary conditions to be met on the 
whole of J'^. 

In this work we use the coordinate v, introduced in Section 13.11 as our "time" 
coordinate. As v ranges from — oo to oo we cover the region x > t oi flat space. If 
we then take the range < r < oo, we cover the right Rindler wedge. We approach 
J'^ by taking t + a; — ?■ oo for constant ln(t — x), y, and z. Thus, when we define 
a general metric gf^,y as being "asymptotically Rindler" at infinity, we are requiring 
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Figure 3: The division of flat space into the Right Rindler wedge (R), the Left Rindler 
wedge (L), and the future (F) and past (P) regions. 

it to satisfy boundary conditions on the intersection of J'^ with Rindler space. We 
therefore obtain different results from the study of the ASG of Minkowski space at 
null infinity. 

3.3 Modifications of the ASG Formalism 

We will have to make two modifications to the Barnich-Brandt formalism in order 
to define charges in Rindler space. In most background spacetimes, it is possible to 
define a foliation of spacelike or null slices S such that the entire boundary (9S of a 
slice is at infinity. The charges are then computed by integrating over (9S. However, 
in Rindler space this is difficult to do in a natural way. Therefore, we will work with 
null slices defined by constant u and covering the region < r < oo. When taking the 
limit r — 7- oo, there are no constraints on the form of the asymptotic Killing vectors 
,^ at r — )■ 0, and vice versa. Therefore we may consider the asymptotic symmetries 
and the charges at infinity separately from those at the horizon. We can also take 
the form of the vectors ^ to be such that the contribution to the charges from the 
other parts of the boundary is zero, since the form of ^ is completely unconstrained 
for r T^- and r y^ oo. 

Secondly, the parts of the boundary at r — )■ and r — )> oo are infinite in the 
transverse y and z directions, so a regulator has to be introduced to make sure that 
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Figure 4: The Penrose diagram of Minkowski space, showing the regions R, L, F, and 
P. The conformal infinity of the Right Rindler wedge is a subset of the conformal 
infinity of Minkowski space, intersecting J^ and J^ . 



the charges are finite [18]. We choose to integrate over a finite box in the y-z plane. 
Since the action of an asymptotic symmetry ^ can change the shape of the box of 
integration, we have to modify the definition of the Dirac bracket given in (12. 9p to 
take this change into account. We use the following definition of the modified Dirac 
bracket: 

{Qt^\KgW{^\Kg\} ■= Sl^Q'^^^[h,g]+6^^:'^Q^^^''[h,g] (3.15) 

The first term is the usual Dirac bracket given by (12. 9p , and the second term is defined 
to be 

5?rQ?r[^'^]:= / ^^M^ihrg]. (3.16) 

This takes into account the change in the domain of integration due to the diffeomor- 
phism ^2- 



4 The Asymptotic Symmetry Group of Rindler 
Space at Null Infinity 

In this section we investigate the ASG of Rindler space at null infinity, using the 
coordinates {v,r,y,z). We first follow the strategy outlined in Section |2TT] for finding 
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the ASG. (The details of the calculation are given in Appendix |Al) The components 
of the exact Killing vectors ^o of the background fall off like 



Co ^ 0(1] 



Co, Co, Co ^ 0{r) 



(4.1) 



at infinity. For arbitrary vectors ^ with the same fall-offs as the exact Killing vectors, 
we find the following asymptotic Killing equations: 

C^gvv -> o{r), C^g^r -^ 0, C^g^y -> o{r), C^g^^ -> o{r) (4.2) 

C^grr -^ o(l/r), C^gry -^ 0, C^grz -^ (4.3) 

C^gyy^o{r), C^gy,^o{r), C^g^^ ^ o{r) (4.4) 

Solving the Killing equations to leading order gives the following form for the candi- 
date asymptotic Killing vectors: 



c 
c 

c 



e'^^'iAi + A2Z + Biy + Cie-"") + o{r^) 

aCiT + o{r) 

Bir 

~2a 

2a 



(4.5) 



+ o[r) 
+ oir) 



for arbitrary constants Ai, ^2, -Bi, and Ci. Vectors of the form 

C ^ 0, r, e, C ^ o{r) 



(4.6) 



automatically satisfy the asymptotic Killing equations to leading order, and are there- 
fore trivial. We already see that we obtain very different results from the case of 
three-dimensional AdS space [6|, [20] or even Minkowski spacefill [17], where the al- 
gebra of asymptotic symmetry vectors was infinite-dimensional. Here we have a 
finite-dimensional set of candidate asymptotic symmetries. The form of C^g^v at in- 
finity determines the fall-offs for 'H^'^ in order to obtain finite and conserved charges. 
Computing 'H'^^ in terms of /i^;^, we find the corresponding boundary conditions on 

K 



''fif 



''^U 



( 0(1) 0(l/r2) 0(l/r) 0(l/r) \ 
/i™ = /i,, 0(l/r2) 0(l/r2) 0(l/r2) 
Ky 0(l/r) 0(l/r) 



h 



yv 



lil)1, li 



"vy 



yr 



h h 



hr7 h 



zy 



h 



(4.7) 



yz 



0(l/r) / 
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We then impose consistency by requiring that the asymptotic KiUing vectors preserve 
these boundary conditions, i.e. that C^g^^ = 0{h^y). This requirement, together with 
the condition that the asymptotic Kilhng vectors should form a well-defined algebra 
under the Lie bracket, reduces the candidate asymptotic symmetries to vectors of the 
form 

''^ +0(l/0 (4.8) 



r 


\ r 


r 


= aCir + i?i + 0(l/r) 


e 


= ri + 0(l/r) 


r 


= Zi + 0(l/r) 



for arbitrary constants Ai, Ci, i?i, Vi, Yi, and Zi. Modulo trivial asymptotic Killing 
vectors, the asymptotic symmetry algebra is generated by the vectors 

6 = e'^^d, (4.9) 

6 = d, + ardr (4.10) 

The Lie bracket algebra of asymptotic symmetries is given by 

[ei,6] = -<i (4.11) 

[ei,6] = [6,6] = o (4.12) 

As a final step we want to compute the charges corresponding to these vectors. These 
charges are finite and conserved by construction, although we will still have to check 
that integrability holds. The charges are given by Eq. (l2.3p . where we integrate over 
the boundary of a slice S of constant v. As described in Section |331 we integrate over 
a finite box in the y-z plane and assume that the only contribution to the integral 
comes from the part of (9S at r — )■ oo. As the asymptotic Killing vectors do not 
transform the box in the y-z plane, we can write 

Q^[Kg]= hm / dydzkf\h,g]. (4.13) 

where fcl^ is given by Eq. (l2.4p . We find that: 

QiAKg] = (4.14) 

QiAh,9] = (4.15) 
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for h^y obeying the boundary conditions. Therefore finiteness, conservation, and 
integrabihty around ^^,^ are automatically satisfied. The Dirac bracket algebra of the 
charges as defined by Eq. fl2.9p also gives a trivial representation of the Lie bracket 
algebra of asymptotic symmetries given in Eg. (14. lip . The central charge of the Dirac 
bracket algebra is also zero. The asymptotic Killing vectors that we defined to be 
trivial also give rise to zero charges, thus justifying our definition. 

4.1 Comparison to Flat Space 



As mentioned in Section 13. 2[ we might have expected the ASG of Rindler space at 
null infinity to be similar to that of fiat space, as Rindler space is just a subset of fiat 
space, and they share a similar conformal structure at infinity. However, it turns out 
that their asymptotic symmetries are very different. In [T3] the asymptotic symme- 
tries of fiat space at null infinity were analyzed using the same method as we used 
above for Rindler space. Instead of finding a finite-dimensional algebra of asymptotic 
symmetry vectors, the authors found that they recovered the Bondi-Metzner-Sachs 
(BMS) algebra[3]. The asymptotic Killing vectors generating the EMS algebra cor- 
respond to charges that represent the BMS algebra under the Dirac bracket, with a 
non-trivial central extension. 

It is natural to speculate if it is in fact possible to find an infinite-dimensional 
ASG for Rindler space, and we have merely overlooked the appropriate boundary 
conditions that would lead to such a group by being overly strict in our methods. 
The Barnich-Brandt formalism gives sufficient, but not necessary, conditions to find 
a consistent set of /i^i, and ^ defining an ASG. So it is reasonable to consider relaxing 
their conditions in order to find a set of candidate asymptotic symmetries, and then 
checking finiteness, conservation, and integrabihty of the corresponding charges by 
hand. 

One option is to relax the conditions on some of the components of the asymptotic 
Killing equations. That is, if the asymptotic Killing equations require C^g^i, — )■ 
o(r™'f"'), then we can impose the condition C^g^^p — ?■ o{r^^^") for only a subset S 
of the indices /x, i^, and the weaker condition C^g^u — ?■ o(r™^'^+^) on the remaining 
fi, v. We call these relaxed asymptotic Killing equations. We then proceed as before, 
determining fall-offs for "H^^ and h^^ so that Eq. f l2.13p is satisfied, and requiring that 
the candidate asymptotic symmetries preserve the boundary conditions. After trying 
this for several subsets 5, we found that imposing C^g^^ = 0{h^y) always reduced 
the set of candidate asymptotic symmetries to a finite-dimensional set. 
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We therefore follow a slightly different procedure in the next section in order to 
find an infinite-dimensional ASG of Rindler space. Firstly, we solve a set of relaxed 
asymptotic Killing equations, and unlike before, we do not require that the asymp- 
totic Killing vectors have the same fall-offs as the exact Killing vectors. Next, we 
find boundary conditions on h^^, such that the charges associated with these vectors 
are finite. Then we impose consistency by requiring that the candidate asymptotic 
symmetries preserve these boundary conditions. Finally, we compute the charges cor- 
responding to these symmetries and check by hand that they are finite, conserved, and 
integrable, imposing further conditions on both the symmetries and hf^,^ as necessary 
so that these conditions are satisfied. 

4.2 Relaxed Boundary Conditions 

In this section we carry out the steps described above to find an infinite-dimensional 
ASG for Rindler space. (The details of the calculations are given in Appendix [Bl) We 
should point out that our search is not exhaustive, and there may be other consistent 
sets of boundary conditions and asymptotic symmetries that lead to a different ASG. 
First we define a set of relaxed asymptotic Killing equations by slightly modifying 
the original set of asymptotic Killing equations in Eq. fl4.2p - fl4.4p . We choose to relax 
the fall-offs of all the components except vv, vr, and rr by one order, giving the 
conditions: 



^^(jvv -> o(r). 


C-^9vr -^ 0, 


C-nQvy -^ o(r^). 


l^iQvz -^ o{j^) 


(4.16) 


C^grr -^ o(l/r). 


C^gry -^ o{r), 


C-!;grz -^ o{r) 




(4.17) 


C^gyy -^ 0{r^), 


C^gyz -^ o{r^), 


Cfg,, ^ o{r'') 




(4.18) 



This is a reasonable choice, as the v and r coordinates describe two-dimensional 
Rindler space, while y and z are merely transverse coordinates. By imposing the 
strictest conditions on the v-r components of the metric, we are trying to preserve 
the essence of Rindler space. However, note that we are only using these equations 
as a guide to finding the correct form of ^, and do not necessarily require them to be 
satisfied at the end of the analysis. What is important is that the final asymptotic 
Killing vectors should form a well-defined algebra under the Lie bracket, preserve the 
final boundary conditions on hy,y^ and correspond to finite, conserved, and integrable 
charges. 

Solving these equations to leading order and requiring that the vectors ^ form a 
well-defined algebra under the Lie bracket gives the following fall-offs for the candidate 
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asymptotic Killing vectors: 

r, e, r^O(r°), r^O(r). (4.19) 

We write a general candidate asymptotic Killing vector in the form 

r = nt;,y,^) + ^^^Mli)+o(l/0 (4.20) 

r = rR{v,y,z) + R,{v,y,z) + 0{llr) 

e = Y{v,y,z) + Oil/r) 

r = Ziv,y,z) + Oil/r) 

and calculate the corresponding charge Q^. Assuming that we can expand h^^, poly- 
nomially to at least second order in r as shown in Eg. (12.21) . we find the following 
conditions must be satisfied in order for the charge to be finite: 

hyy, K, -^ Oil) (4.21) 

Ky, K, ^ 0(l/r) (4.22) 

Ky, Kz -^ 0(1) (4.23) 

Furthermore, if these conditions are satisfied, then Ri, Vi, Y, and Z do not contribute 
to the charges. Thus these components correspond to trivial asymptotic Killing vec- 
tors. We now require that the vectors of the form (I4.20p preserve the boundary 
conditions flOTD - fg:^ . so that 

C^gyy, C^g,, ^ 0(1) (4.24) 

'C^gry, C^Qrz ^ 0(l/r) (4.25) 

C-^Qvy, C^Qvz -^ 0(1) (4.26) 

for any g^y allowed by the boundary conditions. If we do not impose constraints on 
the subleading terms of ^, then the yy and zz components of these equations require 
hyz = 0(1). This requires that C^gy^ — )■ 0(1), which is satisfied automatically. The 
ry and vy components of these equations impose constraints on the form of V{v, y, z) 
and R{v, y, z). We find that 

dyV = d,V = (4.27) 

dyR = d,R = 0. (4.28) 
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Thus the candidate asymptotic Kilhng vectors have the form 



^^ = V{v) + 0{l/r) (4.29) 

^'- = rR{v) + 0{l) 

e = 0(1) 

r = 0(1) 

The Lie bracket of these vectors is well-defined. At this point we have the following 
boundary conditions on the metric: 



/ 



"l^u 



K 



yv 



\ K 



h 

ilzr 



h 



ry 



0(1) 

0(l/r) 

0(1) 



hry h 



zy 



h 



■yz 



0(1) \ 
0(l/r) 
0(1) 

0(1) y 



(4.30) 



An analysis of the linearized equations of motion given by Eq. (l2.17p gives us the 
following boundary conditions for h^^: 



( Oir) 



•'fJ.U 



hr. 



h 



yv 



liyy if'yr 



0(l/r) 
0(l/r2 
h. 



0(1) 
0(l/r) 

0(1) 

\ 'T'zv i^vz iT'zr iT'rz '^zy 'T'yz 



ry 



0(1) \ 
0(l/r) 

0(1) 
0(1) / 



(4.31) 



It is easy to check that the forms of C, and h^^i, determined by (I4.29p and (14.311) give 
a consistent set of boundary conditions and candidate asymptotic Killing vectors 
satisfying C^gfj,i, = 0(/i^y). Modulo trivial vectors, the asymptotic symmetry algebra 
is generated by the vectors 



e*™(9„ 



re^™a 



These vectors obey the algebra 



[''mi 'nj lyn TTlJlj2-\-rr 
[^m; i'n\ '^'^^rra+n 



(4.32) 
(4.33) 



(4.34) 
(4.35) 
(4.36) 



The algebra of the candidate asymptotic symmetries is isomorphic to the direct sum 
of the Virasoro algebra and a current algebra. We now want to compute the charges 



corresponding to these vectors. Since finiteness and conservation are no longer guar- 
anteed, we will have to check these by hand. As in Section H] we obtain the charges 
by integrating over the boundary of a constant u slice. We integrate over a finite box 
in the y-z plane and assume that the only contribution to the integral comes from 
the part of 9S at r — )■ oo. As the asymptotic Killing vectors do not transform the 
box in the y-z plane, we can use Eq. fl4.13p to determine the charge. 

In order for the charges £„ to be conserved, and for the Dirac bracket algebra 
of the charges to give a representation of the asymptotic symmetry algebra, we find 
that we must impose the following condition on h^^i, on-shell: 

hyy + h,, = 0(l/r) (4.37) 

It is easy to check by direct calculation that /„ and t„ automatically preserve this 
condition, both on and off-shell. The £„ charges are given by 

^n := Qdh,9] = -T^ / e'™[9,/i,, + dyKy] (4.38) 

and obey the conservation law 

D„£„ := 9„£, + {£„ £0} = (4.39) 

This is the correct definition of complete ^-dependence, as Co is the generator of 
translations in the v direction. The Dirac bracket algebra is 

{Crn, Cn} = -{^n, Cm} = i{n - m)Cn+m (4.40) 

The Tn charges are given by: 

r„:=QtJ/i,^] = -^ / re'^''[hyy + K, + 2{d,hr. + dyhry)] (4.41) 

The Dirac bracket algebra of the charges satisfies 

{r^,r„} = o (4.42) 

without requiring any further conditions on the metric. A difficulty arises with the 
algebra {Cn, Tm}, which is not isomorphic to the algebra of the asymptotic symmetries 
even after antisymmetrization (More details are given in Appendix [Bl) Furthermore, 
since Cq generates translations in the f-direction this makes it unclear whether we can 
consistently define conservation of Tm- Therefore, if we want an algebra of charges 
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that gives a representation of the asymptotic symmetry algebra, we have to discard 
the symmetries tm, leaving us with one copy of the Virasoro algebra. This can be 
done consistently since the algebra of the symmetries In closes. 

Expanding hf^^, to first order in r as shown in Eq. fl2.2p we see that the integrands 
are linear in the coefficients h]^j^, so asymptotic linearity holds and the charges are 
integrable. A direct computation shows that the central charge JC^,^' is trivial for all 
asymptotic Killing vectors ^. 

In conclusion, we have found a consistent set of asymptotic Killing vectors {/„, t^} 
and boundary conditions for h^^j^ such that we obtain an infinite-dimensional asymp- 
totic symmetry algebra for Rindler space. The algebra of the asymptotic Killing 
vectors is isomorphic to the direct sum of a Virasoro algebra and a current algebra. 
The charges corresponding to the asymptotic symmetries are finite. If we demand 
that the Dirac bracket algebra of the charges gives a representation of the algebra of 
asymptotic symmetries, then we must first impose certain other conditions on /i^,^, 
and discard the symmetries tm, keeping only the /„ and the corresponding charges. 
The charges £„ are also conserved (i.e. independent of u) given certain constraints 
on h^iy. The algebra does not have a non-trivial central extension. 

We note that repeating this analysis with the coordinate u rather than v does not 
change the results. That is, we obtain the same ^ and boundary conditions on /i^,^, 
and therefore the same asymptotic symmetry algebra as in Eg. (14.341) . We also obtain 
the same ASG and Dirac bracket algebra of charges, with the same condition (I4.37P 
on the metric fiuctuations. 

5 Asymptotic Symmetries of the Rindler Horizon 

We now investigate the other boundary of Rindler space, the event horizons at u = 
and r = 0. Since we investigated J'^ by taking r — )■ oo when discussing the boundary 
at infinity, we now study the past horizon by taking the limit r — )■ 0. In order to use 
the Barnich-Brandt formalism, we make the change of coordinates 

s = -, (5.1) 

r 

so that the metric becomes 



ds^ = -—^-^duds + dy^ + dz^ (5.2) 



1 

The past horizon is given by the limit s — ?■ oo, with m, y, and z constant. (We use 
the coordinate u rather than v for simplicity.) 
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We make the following ansatz for a general candidate asymptotic Killing vector: 

Ui{u,y,z) 






U{u,y,z) + 



+ 0{l/s') 



(5.3) 



sS{u, y, z) + Si{u, y, z) + 0{l/s) 
Y{u,y,z) + 0{l/s) 
Z{u,y,z) + 0{lls) 



and calculate the corresponding charge Q^. We now follow the same strategy as 
in Section 14.21 to find a consistent set of candidate asymptotic Killing vectors and 
boundary conditions on h^y. To avoid needless repetition we will simply present the 
results here. Details of calculations that differ from those in Section W7I\ are given in 
Appendix O 

The boundary conditions on the metric are 



/ 0(1/.) 



h 



fJ,V 



0{l/s^) 



"yu 



i^itii 1^ 



"uy 



yr 



k 



ry 



Oil/s) 
0(1) 



V K 



li^i-y liy 



I (jfp -y 11/ 



zy 



k 



yz 



0{l/s) \ 
0{l/s^) 

0(1) 

0(1) / 



(5.4) 



together with the further constraints 



d h d h d k ^ Oills) 

'-'u"'yy) ^uK'zzi '^u"'yz ' '-^V /"'/ 

dXy - dsdukuy -^ 0(1/S=^) 

dXz - dsdukuz -^ 0{l/s^) 



(5.5) 
(5.6) 
(5.7) 



These boundary conditions and constraints are preserved by a general candidate 
asymptotic Killing vector, which (modulo trivial vectors) has the form 



C = Aiu + 0{l/s) 

e = oii/s) 

e = Y{y,z) + 0{l/s) 
C = Z{y,z) + 0{l/s) 

for an arbitrary constant Ai and arbitrary functions Y{y,z) and Z{y,z) 



(5.8) 
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The asymptotic symmetry algebra is generated by the vectors 



y+ ._ e'^'^y+^^dy (5.9) 

y- := e'<y-^^dy (5.10) 

z+ ■= e^"(y+-)5^ (5.11) 

z- ■= e'^'^'-y^d, (5.12) 

Mo := udu (5.13) 

These vectors obey the algebra 

[Vn, Vm] = ii^ - n)y~+rn, (5-15) 

[y+, yj = z(m - n)e*-(^-)+-(^+^)9„ (5.16) 

bn . ^m] = -^nyn+m + ^^4+m (5-17) 

[y+, z^] = e^-fe-)+-fe+-) (_,^5^ + ,^Q^) (5.19) 

[y+(-),Mo] = 0, (5.20) 

with corresponding relations holding for the Zn vectors. In order to obtain a Dirac 
bracket algebra of charges that represents the asymptotic symmetry algebra, we dis- 
card the vector uq and only keep ?/„ and Zn as asymptotic symmetry vectors. The 
asymptotic symmetry algebra contains more than one copy of the Virasoro algebra. 
The charges corresponding to these vectors are given by 
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y^ ■■= Qyt[h,-9] = ^ f s\'<y^^^ [d^h,y - d,Ky\ (5.21) 

y- := Q^- [h, 9] = f[ s'e-(^-^) [d^h^y - d,Ky] (5.22) 

K ■■= Qz+ [h. 9] = ^ f s\'<y^'^ [duK. - dsK,] (5.23) 

Z- := Q^- \K -9] = ^ f s'e'^y-'^ [duhs. - d^K^i (5.24) 

They obey the conservation law duQ(^ = 0, and are finite and integrable, assuming 
that hfj_y can be expanded to at least second order in s as shown in Eq. (l2.2p . The 
Dirac bracket algebra of the charges correctly represents the asymptotic symmetry 
algebra, so that 

{%'<56} = <5ki,«2] (5-25) 
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Direct computation shows that the algebra does not have a non-trivial central exten- 
sion. 

6 Discussion 

We have investigated the asymptotic symmetries of 4-dimensional Rindler space, both 
at null infinity and at the past event horizon. Initially we used algorithms that are 
effective in finding the ASG of AdS, fiat, and Godel spacetimes, but these methods 
only gave finite dimensional ASGs for Rindler space at J^ . Compere et al. claim in 
[T8] that when solving the asymptotic Killing equations to find candidate asymptotic 
symmetries, the equations should be solved to a suitable order (guided by intuition), 
as solving only to the leading order will yield a very large class of symmetries. This 
is clearly not the case for Rindler space, as even solving the asymptotic Killing equa- 
tions to first order gives a finite-dimensional set of candidate symmetries. Moreover, 
using the Barnich-Brandt formalism to compute the charges corresponding to these 
symmetries only gave trivial charges. 

We then used relaxed asymptotic Killing equations to find an infinite-dimensional 
algebra of asymptotic symmetries at J^ ^ and determined consistent boundary con- 
ditions on the metric perturbations simply by imposing finiteness of the charges and 
studying the linearized equations of motion. We found that the resulting algebra was 
isomorphic to a direct sum of the Virasoro algebra and a current algebra. We also 
applied the Barnich-Brandt formalism to the other part of the boundary of Rindler 
space: namely, the event horizon. We determined a set of consistent boundary con- 
ditions and asymptotic Killing vectors, and found that the asymptotic symmetry 
algebra contained more than one copy of the Virasoro algebra. 

We computed the charges corresponding to the symmetries at J^ and at the event 
horizon, and found that they were finite and integrable. If certain constraints were 
obeyed by the metric, then the charges were also conserved on-shell and their Dirac 
bracket algebra gave a representation of the asymptotic symmetry algebra. These 
constraints were preserved by the asymptotic symmetries. 

Unfortunately, in all three cases the charge algebra did not have a non-trivial 
central extension. It remains to be seen whether there are other sets of consistent 
boundary conditions and asymptotic symmetries that will yield a centrally extended 
algebra of charges. 
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A Computing the restricted ASG of Rindler space 

The exact Killing vectors .^o of the Rindler background are obtained by carrying out 
a coordinate transformation on the exact Killing vectors of Minkowski space. They 
have the following form: 

Co = -^ - e^'^ico + ci + (6[02] + b[i2])y + (&[03] + hn]» (A.l) 

^0 = -bioi]r + a(-Co + Ci + (-6[o2] + &[i2])l/ + (-&[03] + %3])^) 
cy , u , (^[02] - ^[12] )e""'' - (fe[02] + &[i2])r 

Q =C2 + b[23]Z H 



^0 = CS - b[23]y + 



2a 

ib[03] - &[i3])e~'"^ - (&[03] + b[i3])r 
2a 



where q, bi are arbitrary constants and b^ij] := bij — bji. The components of the exact 
Killing vectors of the background fall off like 

Q^Oil), Q,^y,Q^Oir) (A.2) 

at infinity. We therefore write the components of a general asymptotic Killing vector 
in the form: 

C = V{v,y,z) + o{r') (A.3) 

r = rR{v,y,z) + o{r) 

C = rY{v,y,z) + o{r) 

C = rZ{v,y,z) + o{r) 
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With this form of ^, the rr component of the asymptotic Kilhng equations is auto- 
matically satisfied. The remaining asymptotic Killing equations are: 



g-a^, 



jC-ii9vv = rd^R^o{r) (A.4) 

a 

-av 

jC-i9vr = — -—{aV-d^V-R)^0 (A.5) 

/^idvy = ^ — dyR + rd^Y ^ o{r) (A.6) 

Cfg.z = —d,R + rd,Z^o{r) (A.7) 

-av 

Cfgry = -^^dyV + Y^O (A.8) 

^(9rz = -^—d,V + Z^O (A.9) 

2a 

C^gyy = 2rdyY^o{r) (A.IO) 

C-^gyz = rid-:Y + dyZ) ^ o{r) (A.ll) 

C^g,, = 2rd,Z^o{r) (A.12) 

This imposes 

Y = "L^biL (A.13) 

2a ^ ' 

2a ^ ' 

R = -d^V + aV (A.15) 

together with the following differential equations for V{v,y,z): 

d^V = dlV = Q (A.16) 

ad^V-dlV = (A.17) 

dyd.V = (A. 18) 

d^dyV-adyV = d^d,V-ad,V = (A.19) 

Solving these equations gives 

^^ = e""(Ai + A22 + 5ii/ + Cie-'^^) + o(r°) (A.20) 

f = aCir + o{r) 

e = ^ + o(r) 
2a 

i = — + o(r) 
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for arbitrary constants Ai,A2,Bi, and Ci. Direct calculation shows that candidate 
asymptotic Killing vectors of the form 



c ^ 0, r, e, c ^ o{r) 



(A.21) 



automatically satisfy the asymptotic Killing equations to leading order. Therefore, 
such asymptotic Killing vectors are trivial, and after requiring the algebra of the 
vectors to be well-defined under the Lie bracket we can write the components of a 
general candidate asymptotic Killing vector in the form 



c 
r 

e 



aCir + 0(1) 
Bir 



+ 0(l/r) 



(A.22) 



2a 

A^ 

2a 



0(1) 
+ 0(1) 



For a general ^ of this form, we find that the asymptotic behavior of C^g^^, is 

£g^„, ^O(l), £^^,, ^ 0(l/r), C^g,y^O{l), Cfg,,^0{l) (A.23) 



C^g„ -^ 0(l/r2), Cfgry ^ 0(l/r), £5^,,, ^ 0(l/r 



Ci:gyy -^ 0(1) 



^i9yz -^ 0(1), C^g,, ^ 0(1) 



(A.24) 
(A.25) 



The asymptotic Killing equations give us the required boundary conditions on l-L^^ 
for conserved and finite charges: 

W -^ 0(l/r2), W ^ 0(l/r), Wy -^ 0(l/r2), W -^ 0{l/r^) (A.26) 
H"'-^0(1), K'y^O{l/r), W^O{l/r) (A.27) 

7{^^ ^ 0(l/r'), -H^" ^ 0(l/r2), W ^ 0{l/r^) (A.28) 



Calculting 1-L^^ in terms of h^j^ using Eq. (12 . 1 7]) gives the corresponding boundary 
conditions for h. 



''flU- 



"^v 



( 0(1) 0(l/r2) 0(l/r) 0(l/r) \ 
0(l/r2) 0(l/r2) 0(l/r2) 
Ky 0(l/r) 0(l/r) 

0(l/r) / 



"yv 



\ K 






"ry 
'^rz '^zy 



h 



(A.29) 



yz 



We now require that the candidate asymptotic Killing vectors satisfy C^g^u = 0{h^y). 
This places further constraints on the form of ^, including the subleading terms. We 
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therefore write the components of ^ as: 



Viiv, y,z) , ^.^ , 2, 



^- = e°"(Ai + A2^ + Eiy + Cie-"")+ ^^ '^' ' +0{l/r') (A.30) 

f = aCir + i?i(t;,y,z) + 0(l/r) 

e = ^ + Y,iv,y,z) + Oil/r) 
r = ^ + Z^iv,y,z) + 0{l/r) 

for arbitrary functions V^i, -Ri, Fi, and Zi. Requiring C^g^y = 0{h^y) leads to the 
following constraints on the components of ^: 

d^Vi - aVi = dyVi = d,Vi = (A.31) 

d^Ri = dyRi = d,Ri = (A.32) 

d,Y, = dyYi = d^Yi = (A.33) 

(A.34) 

(A.35) 



+ 0(l/r2) (A.36) 





dyZi = dyZi = d^Zi 




A2 = Bi = 


finally find 




c = 


V r J 


c = 


aCir + i?i + 0(l/r) 


e = 


ri + 0(l/r) 


r = 


Z^ + 0{l/r) 


arbitrary constants Ai, 


Ci,i?i,\/i,yi, andZi. 



B Relaxed boundary conditions 

The process of solving relaxed asymptotic Killing equations and finding candidate 
asymptotic symmetries is similar to that described in Appendix |Al so we will not 
describe those calculations here. Instead, we concentrate on the computation of 
charges corresponding to asymptotic symmetries. 
Given candidate asymptotic Killing vectors 

In = e^™5, (B.l) 

t„ = re'™a, (B.2) 
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and assuming as before that we can expand h^^ polynomially to at least second order 
in r, we find the following expressions for the charges: 

i^n ■= Qin [h, g] = ^7^ / e*"" [{in - a){hyy + h^z) + ^{dzhyz + dyKy - d^hyy - dyhzz)] 

(B.3) 
(B.4) 



Tn ■■= Qtr, [K g] = -^7^ / e^™ [hyy + h,, + 2r{d,hrz + dyKy 

The charges are indeed finite for /i^j, obeying the boundary conditions in f l4.3ip . 
Moreover the charges are linear in the first-order coefficients h\^ in the expansion of 
h^^, so asymptotic linearity holds and the charges are integrable around g^^. 

We now compute the Dirac bracket algebra of the charges given by f l2.9p . The 
Dirac bracket of the charges Tn is 

{Tm. rn} = ^ f re^("^+")'' [2(9,/l,, + dyhry) + 2r(9,9,/i,, + drdzKy)] (B.5) 

-J^^ J as 

Using our assumption that hfj^^y can be polynomially expanded to at least second order 
in r, and the boundary conditions on /i^,^, we find 



rdrdzhr 



drdz 



k 



h 



^ + ^ + 0(l/H 






'Oz'i'rz 



(B.6) 



It follows that all the terms in the integrand in ( JB.SP cancel up to 0(l/r^), so that 
the integral evaluates to zero and the algebra satisfies 



{Tm, Tn} = 0. 

The algebra of the £„ charges, however, is slightly more complicated: 



(B.7) 



\*~"m7 *~'n} 



IGn 



as 



^iim+n)v ^in[d,K, + dyKy) +i{^-n + ia){dyhyy + dyhz 



,171 

~2 



+ {dydzKz + dydyhyy " d^kyy " d^Hzz)] 

We can define the Dirac bracket by antisymmetrizing 
to obtain 



(B.8) 



(B.9) 



\*~"inj *~"nj 



327r 



t(n — TTije 



i{m+n)v 



as 



[2{dzKz + dyhyy) - 3{dyhyy + Oyhzz)] (B.IO) 
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Thus if h^i, satisfies 

hyy + h, = Oil/r) (B.ll) 

on-shell, then 

\L,m, i-,n\ = —\lln, ^mf = "^l^^ ~ f^)C-n+m (B.12) 

and the Dirac bracket algebra of the charges £„ represents the algebra of asymptotic 
Killing vectors /„. Now we turn to the Dirac bracket of Tm and £„. Keeping our 
assumption f IB.lip on the form of /i^,^, we find 



{Cn, rm} = T^ I mre^(™+")^(9,/i,, + a,/i,,) (B.13) 

{^n, /:„} = -7j^ / e*^™+"^'' [2r{d,d,hr, + d^dyKy)] (B.14) 

Comparing this with the form of Tm in flB.4p . we see that the Dirac brackets {£„, Tm} 
and {Tm, 'C.n} give unexpected results. Therefore, if we want a well-defined algebra of 
charges then we can keep either the charges £„ or the charges Tm, but not both. If 



we want to keep the charges £„ then we need to impose the condition (IB. lip . If we 
want to keep the charges Tm then no extra conditions on the metric are needed. 

Lastly, we check conservation of the charges, i.e. independence of the coordinate 
V. Note that Cq generates translations in the v direction. The Dirac bracket {£„, Cq} 
gives the variation in £„ due to the change in g^j^^, under the diffeomorphism Iq. As 
In is explicitly dependent on v, when calculating the total derivative of £„ we also 
need to take into account the variation in £„ due to the change in /„ under the 
diffeomorphism Iq. Since Cijn = dJn, we find 

DLn:=Qd.iAh,9] + {jCn,Co} (B.15) 

= inCn — inCn (B.16) 

= 0. (B.17) 

As the charge £o generates translations in v, and we cannot keep both the charges £„ 
and Tn, we cannot consistently define conservation of the charges Tm- Thus, we keep 
the symmetries /„ and the corresponding charges £„, and discard the symmetries tn- 

C Asymptotic Symmetries of the Rindler Horizon 

Here we present the details of the calculations used to find the ASG of the Rindler 
horizon that differ from those used in Section 14. 2[ when finding the ASG of Rindler 
space at null infinity. 
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The only significant change is in the definition of the Dirac bracket. In Section 
\A.2\ the asymptotic Killing vectors did not change the shape of the box in the y-z 
plane over which we integrated to obtain the charges. This is no longer the case when 
studying the ASG of the Rindler horizon, since the asymptotic Killing vectors have 
non-zero y and z components. We therefore have to use Eq. (13.151) to define the Dirac 
bracket of charges. 

For example, when computing the bracket {Qy+,Qy+}, we find that 

{Q^T[h,-9],Q':T[h,g]} := 5\Q;;f[/.,^]+5ffQ;;f[/i,^] (C.l) 

i/n ym ym yn >- -■ s^ y^ 

The first term is the usual Dirac bracket given by (12. 9p . 

S';^^Qlr[h,g] = ^ [ sV^"' + ^'>'^y + ''> [im{d,Ky - duh,y) + dsdyKy - dudyKy] (C.2) 

and the second term is given by 

5,YQjr[/^,^]:= / C^i^k^;:\h,g] (C.3) 

ym yn I fi\^ ^^ 



as 




(C.4) 




- duhsy) + dsdyhuy - 


- dudyhsy 

(C.5) 



We therefore find 



{Q!;?^ Q'?"} = ^ / ^irn- n)s2e*(-+")(^+-)(9,/i,, - d,,Ky) (C.6) 

yn ym ^Tj- J QY> 

We now define the Dirac bracket by antisymmetrizing 

{Qii,Qi2} ■= 2!%% ~ ^iiQi-z] (C.7) 

which gives 

2 r 

{Q;;? , Q;;? } = |- y z(m - n)s'e'^'^^^^^y+'\dsKy - duKy) (C.8) 

= i{m-n)Q^+ (C.9) 

Note that this definition of the antisymmetrized Dirac bracket differs by a factor of 1/2 
from the definition in Eq. (lB.9p . Using this modified definition of the Dirac bracket, 
we find that the algebra of charges represents the asymptotic symmetry algebra. 
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